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ABSTRACT: Depending on the thermal conditions, snow metamorphoses via two processes: kinetic or equi-
librium metamorphism. Kinetic growth occurs due to temperature gradients within the snow and results in faceted
snow crystals. Equilibrium growth occurs in the absence of a gradient and results in rounded crystals. Generally,
snow models are limited in their ability to model these micro-structural changes, especially in three dimensions,
and rely on effective material properties. To enhance the tools available to avalanche researchers a new 3D finite
element (FE) model capable of modeling snow metamorphism is being developed using techniques common for
modeling phase transitions and crack propagation in alloy solidification. The FE model operates at the micro-
structural level and is capable of tracking vapor deposition and sublimation within the snow. This is accomplished
using a level set approach that combines features of front-tracking and fixed domain methods. It incorporates
adaptive meshing techniques to efficiently track heat and mass transport and includes micro-convection on the
phase-change boundary. This work is the part of an ongoing research project that aims to demonstrate the ability
to model snow at the micro-structural level and move away from the more common coarse, effective property
modeling techniques. The model will also serve as the deterministic basis for a multi-scale, stochastic model of
snow that will account for uncertainties such as poorly understood growth properties and measurement variability.
Future applications may also include external forces, yielding a thermo-mechanical model that could evolve.

1. INTRODUCTION

Over the past ten years the United States has av-
eraged 25 fatalities annually from avalanches (CAIC,
2012), which is of similar magnitude as those result-
ing from lightning strikes (37), tornadoes (108), floods
(78), and hurricanes (114) (NWS, 2012). In par-
ticular, faceted snow is of importance; it has been
shown to account for up to 73% of human-triggered
avalanches (Schweizer and Jamieson, 2001, Tremper,
2001). Despite this, modeling has generally been lim-
ited to one dimensional models that rely on effective
material properties. To enhance the current abilities
for modeling snow metamorphism, a 3D finite element
(FE) model capable of tracking the phase transitions
at the micro-structure level is under development.

2. BACKGROUND

Analytical work surrounding the thermal behav-
ior of snow has evolved from research as early as
1892 that examined temperature profiles of snow (see
LaChapelle, 1960) to research using a continuum me-
chanics theory of mixtures (e.g., Brown et al., 1999)
to a thermal non-equilibrium approach (Bartelt et al.,
2004). To date, perhaps the most comprehensive
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model developed is the SNOWPACK model (Lehning
et al., 2002): a one-dimensional, three-phase model
that accounts for heat transfer, water transport, va-
por diffusion, and mechanical deformation with special
conditions for wind drifting and snow ablation (Bartelt
and Lehning, 2002). Miller and Adams (2009) pro-
vided a unique approach for modeling kinetic crystal
growth that assumed spherical geometry. Recent ap-
proaches are based on 3D images of the snow micro-
structure. Kaempfer and Plapp (2009) demonstrated
that methods similar to those proposed herein may be
applied to snow metamorphism.

3. METHODS

The basic methodology model under develop-
ment is derived from methods used for predicting
phase transitions in alloy solidification (Samanta and
Zabaras, 2005). This work employs a finite element
solution for the mass, momentum, energy, and species
transport equations; the governing equations of which
are provided in equations (1)–(4), respectively.

∂ρk

∂t
+∇ · (ρk~vk ) = 0, (1)

∂ρk~vk

∂t
+∇ · (ρk~vk~vk ) = ∇ · ~σk + ~bk , (2)

∂ρk hk

∂t
+∇ · (ρk hk~vk ) = −∇ · ~qk , (3)

∂ρk Ck

∂t
+∇ · (ρk Ck~vk ) = −∇ ·~jk , (4)
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Figure 1: Schematic of phase-transition region of the
snow micro-structure model.

where the subscript k specifies the phase (solid or
fluid), ρ is the density, ~v is velocity, h is enthalpy, t is
time, σ is the stress tensor, ~b is the body force, ~q is the
heat flux, and~j is the species diffusion flux. The fluid
is assumed to be Newtonian, thus ~σ is a function of
pressure and the enthalpy is assumed to be an explicit
function of temperature.

The solution strategy for the governing equations in-
cludes applying a volume averaging scheme, which
allows the above equations to apply to the entire do-
main regardless of phase. This introduces the func-
tion Φ(~x , t) of equation (5), where ~x is position. The
volume-averaged versions of the equations are then
solved using a stabilized finite element method, the
details of which are beyond the scope of this pa-
per (see Zabaras and Samanta, 2004, Samanta and
Zabaras, 2005).

Φ(~x , t) =


1 φ > w ,
0 φ < −w ,
φ

2w + 0.5, φ ∈ [−w , w ],

(5)

where φ is the distance to the phase interface (Γ0) that
has a width w , as shown in figure 1.

Along the phase-change boundary a “mushy-zone”
is established. This zone is modeled as a porous
media comprised of solid and fluid components and
includes micro-scale convection due to the phase
change and shrinkage (Zabaras and Samanta, 2004).
The interface position is defined implicitly in the afore-
mentioned function φ and its motion is governed by the
level set equation:

φ + ~V |∇φ| = 0, (6)

where ~V is the interface velocity (Tan and Zabaras,
2006). This velocity is computed according to the work
conducted by Miller and Adams (2009), which com-
putes velocity as a function of crystal habit and excess

vapor pressure and allows for sublimation and deposi-
tion to occur. Equation (6) is solved using a discontin-
uous Galerkian formulation (Di Pietro et al., 2006).

The model is being developed as an open-source
C++ framework that relies on the libMesh finite ele-
ment library (Kirk et al., 2006). As such, it includes
adaptive mesh coarsening and refinement, relies on
domain decomposition for optimum parallel perfor-
mance, and is capable of running on massively parallel
machines.

4. RESULTS AND VALIDATION

The research program established to develop this
model is only half-way through the two years allo-
cated; thus, the model is currently under development.
The model, once complete and tested, in the next
six months, will serve as the deterministic basis for a
stochastic analysis that will account for uncertainties
in the model such as poorly understood growth prop-
erties and measurement variability in the model inputs.

Validation will use µ-CT data from two institutions:
Montana State University and the Swiss Federal Insti-
tute for Snow and Avalanche Research, see Schnee-
beli and Sokratov (2004) and Stanton et al. (2012) for
µ-CT image examples. The aforementioned stochas-
tic framework that will be built around the determinis-
tic model will produce a range of possible outcomes
for any given simulation scenario, making the compar-
ison to measured data, in the form of µ-CT images,
straightforward: If the model is accurate the measured
data should fall within the range of possible outcomes
provided by the stochastic analysis.

5. CLOSING REMARKS

The ability to model snow is vital to improving the
ability to predict and prevent avalanches, the ongo-
ing research presented in this paper aims to provide
the tools necessary to accurately predict the micro-
structural evolution of snow with numerical simula-
tions and shift away from the more usual coarse, ef-
fective material property modeling techniques. The
model will serve as the deterministic basis for a multi-
scale, stochastic model of snow that will account for
uncertainties in the system providing a distribution
of possible micro-structures, as is observed in na-
ture. Future applications may also include external
forces, the introduction of liquid phase, and incorpora-
tion into regional scale models, yielding a true thermo-
mechanical model for avalanche prediction.
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